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Background: 
firm size distribution



 
firm size distribution (FSD) has been studied 
by both economists and econo-physicists.
(firm size: employee, asset, sales, revenue, profit, 
income …)



 
Gibrat’s model” [1]  log-normal distribution



 
early empirical researches: 


 

log-normal distribution fits data fairly well except 
for tails

[1]. R. Gibrat. Les Inegalites Economiques. Sirey, Paris (1931).



Background: 
log-normal distribution

[2]. Michael. Stanley et. al. Economics Letters, 49, 453-457 (1995).
[3]. Johannes Voit. Advances in Complex Systems, 4, 149-162 (2001).

Sale distribution USA firms.[2] Sale distribution German firms.[3]



Background: 
power-law at upper tail (large firms)

Cumulative distribution of the 
best 85375 Japanese firm’s  
income.[4]

[4]. K. Okuyama, M. Takayasu, and H. Takayasu. Physica A, 269, 125-131 (1999).
[5]. Jianhua Zhang, Qinghua Chen, and Yougui Wang. Physica A, 388, 2020-2024 (2009).

size-rank  distribution top 500 
Chinese firm’s revenue from 
2002 to 2007. [5]





 
less attention was focused on the lower part.



 
few investigations on developing countries


 

We will study
 probability distribution function (instead of 

rank-size distribution) of Chinese firms

 both empirically and theoretically

Motivation: 
lower tail & developing county



Empirical result:    dataset: BvD-QIN



 
Burau van Dijk 
Electronic publishing.



 
information on 306,555 
Chinese firms. 

 the distribution of 
employee and asset.

《QIN—Chinese company 
information in an instant》



Empirical result: 
asset & employee distribution



 
not log-normal



 
straight lines at both tails


 

double power-law distribution (DPLD)
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Theoretical Model: 
Gibrat’s model (GM)

 central limit theorem: ln x – ln x0 is a normal
distribution (appropriate growth rates {gt } and               
sufficiently large time t-t0 ).  

 Gibrat’s Law of proportionate effect [1]

x(t): firm size at time t;   gt: growth rate at time t in logarithmic scale.

[1]. R. Gibrat. Les Inegalites Economiques. Sirey, Paris (1931).



Model: 
Gibrat’s model (GM) + …

 identical and independent {gt}

• u --- expectation;       --- variance;   T = t – t0 --- age 
• the size distribution of firms registered at same time 
t0and with same initial size x0 is log-normal.

 distribution of all firms:


 
initial size distribution (ISD) 



 
age distribution (AD) 



Model: 
GM + initial size distribution (ISD)

 assume Chinese new firms 
are also log-normal distributed:

[6]. L. A. N. Amaral, et. al. J. Phys. I France, 7, 621-633 (1997).

 size distribution of USA 
new firms is log-normal [6] 



Model: 
GM + ISD + age distribution (AD)

 assumption: the number of firms, in accord with            
the economy, increases at constant rate    :

n(t): the number of firms registered in year t. 

 the age distribution of firms is exponential:





Model: 
GM +ISD + AD = …

 probability distribution function (PDF):

 size distribution of all firms:



Model: 
… = double power-law distribution

 power-law at both tails:

Typical plot with (1,2,10,0.5)
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= upper exponent,
always negative;



 

= lower exponent, 
usually positive; 



 

A ~  turning point of ln x;


 

B ~  width of turnover range

1

1



Comparisons I: 
exponential age distribution


 

the number of firms registered in year t (n) and before t (N) 
are roughly exponential (decreasing)  from 1978 to 2002.

register date: 4450 available; 1978-2002 (3970, 89.2%) ; before 1979 (56, 1.2%),  
after 2002 (424, 9.6%)



Comparisons II: 
asset distribution 03~07
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model provides good fits to data.



Comparisons III : 
employee distribution 03~07
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 our model fits the data very well.



Comparisons IV : 
fitting exponents
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Summary 



 
empirical result of Chinese firms (database 
BvD-QIN):  double power-law distribution



 
theoretical explanation
Gibrat’s model + lognormal initial size distribution
+ exponential age distribution  = DPLD



 
comparison: 


 

exponential age distribution roughly supported by data:


 

good fits: (two sizes) * (5 years)  R^2 > 0.98 


 

economy dependence: asset different from employee



Thanks

Thank you!



Discussion

 other economies: 


 

initial size: log-normal? power-law? …


 

age: exponential? + uniform? …

 other organizations: 


 

cities size? 


 

personal income, wealth … ?

 Data!



Summary

empirical study:

theoretical model:

China:
double 
power-law

lognormal
(except tails)

upper tail
power-law

proportionate 
effect

so many 
model ...

+ exponential
age 
distribution

+lognormal initial distribution





Model: 
stationary

 exponents are stationary

 exponents still stationary, A,B could vary with time


 

the expectation A and variance      of the initial size 
(in logarithmic scale)



Model: 
economy dependence

 exponents are economy dependent



 
different indexes of same economy:

and       are usually different



 
same index of different economies:

,       and       are usually different



Appendix I: 
exponents



 
the exponents for employee and asset are different.



Appendix I: 
exponents calculation



 
for employee growth 06-07: 



 
for asset growth 06-07:



 
qualitatively right: larger u, lager 



 
quantitatively wrong: (1.306,2.386);(0.992,2.414)

2.510 2.324, 0.185170.00318,,1.0   u

6.550 0.998,  0.17493 0.08495, ,1.0   u



Appendix I: 
exponents calculation



 
more realistically, A and B are functions of T



 
replaced by



 
difficult to calculate  ,



Appendix I: 
exponents --- Zipf’s law?



Appendix II: 
developed country



 
developed country experienced a long enough 
developing progress,



 
the number of firms increased exponentially 
 exponential age distribution



 
ignore the firms after the development, the firms 
size distribution is also a double power-law 
distribution?



Appendix II: 
developed country --- USA



 
sales of ~3000 USA 
publicly-traded 
manufacturing 
companies in the years 
1974-1993. 



 

(database: Compustat)



 
It is visually apparent 
that the distribution 
exhibit power-law at 
lower tail?



Appendix II: 
developed country --- USA



 
sales and asset of 
~10000 USA firms 
in year 1995-2003 
[Kaizoji2006, Evolutionary 
and Institutional Economics 
Review]
(database: Bloomberg Ltd)



 
power-law at lower 
tail?



Appendix II: 
developed country --- Japan



 
sales and asset of  
~3000 Japanese 
firms in year 1995- 
2003. 
[Kaizoji2006, Evolutionary 
and Institutional Economics 
Review] 

(database: Bloomberg Ltd)



 
power-law at both 
tail?



Appendix II: 
developed country --- German



 
sales of 405 
German firms in 
years 1987-1997 
[J. Voit 2001, Advances 
in Complex Systems]
(database: Datastream & 
Hoppenstedt)



 
power-law at 
lower tail?



Appendix II: 
developed country



 
it is visually apparent that the distribution 
exhibit power-law at lower tail.



 
double power-law?



 
data? ! ...



Appendix III: 
extensions of central limit theorem

 Lack of identical distribution: The central limit 
theorem also applies in the case of sequences that are not 
identically distributed, provided one of a number of 
conditions apply.


 

Lyapunov condition



 

Lindeberg condition

 Under weak dependence: …

http://en.wikipedia.org/wiki/Central_limit_theorem#Extensions_to_the_theorem



Appendix IV: 
bankrupt, merger, split?



 
firms bankrupt 
randomly?



 
not affect the age 
distribution and initial 
size distribution?



 
not affect the FSD?
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