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Teleparallel Gravity
What is the feature of teleparallel gravity?

@ An alternative theory of gravity, which is equivalent to
General Relativity.

@ This is a curvatureless gravity theory, and the gravitational
effect comes from torsion instead of curvature.
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A brief introduction
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Chung-Chi

Lee @ The dynamical variable of teleparallel gravity is the
Teleparallel vierbein fields e 4(z#*), which form an orthonormal basis
Gravity for the tangent space at each point z* of the manifold:

e4-ep =nap, Where nap = diag(l,—1,—1,—1).
@ Notation:

Greek indices u, v,... : coordinate space-time.

Latin indices A, B,... : tangent space-time.

@ The relationship between metric and vierbein fields is

9 (T) =B eﬁ(IE) 65 ().
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@ The torsion tensor is defined as
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@ Under Weitzenbock connection, the Riemann tensor

vanishes:
o wpP wpP wp wo wp wo
Ruau = F,ul/,a - Fua,u + F&arwj - Féur,ua = 0.
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S — @ We can construct the “teleparallel Lagrangian” by using
Gravity the torsion tensor,

Lp=T=a,TP" Ty, +aTP"T,,, + asTy, T,"" .
@ It is a good approach of General Relativity when we choose

the suitable parameters a; = %, as = % and a3 = —1:

R=-T-2V’T",,

where R is constructed by Levi-Civita connection.
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@ The action of teleparallel gravity is
eleparalle 4
gr;v‘i)ty - S = /d re |:— + ﬁM:|

wheree—det( ) =—g.

@ Varying this action respect to the vierbein fields gives the
field equation

1 pv 0 v 1 K2 pemy
e 10, (ee)S,M) — eAT? 0 S, _ZGAT_ 2eATp,

em
where T' ,¥ stands for the energy-momentum tensor and
Sl = (T = TH, + T, ") + & (05 T, — &% T™L).
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o Teleparallel dark energy model is a dark energy model,
which can explain the late time accelerating universe.

Teleparallel
Dark Energy

@ This model combines quintessence model with teleparallel
gravity.

@ This model differs from quintessence model when we turn
on the non-minimal coupling term.
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A brief review of quintessence model
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@ The generalized quintessence model action is given by

R 1
Teleparallel S = \/d4{1}\/—g [m _|_

5 (04006 + ERG?) = V(9) + L

Dark Energy

@ Under the flat Friedmann-Robertson-Walker (FRW)
background ds? = dt? — a?(t)di?, the effective energy and
pressure density can be defined as

po = 58 + V(6) + 6EHG) + 3EH,
%QZF —V(p)+ € (2H + 3H2> @2 + AEH po

+26p + 264

Py =
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R g——— @ Similar to quintessence model, we can construct

Chung-Chi teleparallel dark energy model, and the action is given by
Lee

S = /d4xe [— + = ! (0,00" 0 + ETP*) — V (¢) +L‘,M] .

Teleparallel
Dark Energy

@ Variation of action with respect to the vierbein fields yields
the field equation

_eA[ 060 v<¢>]+eia”¢au¢

+48eh, S, ¢ (0u) = €54 T 7.
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Chung-Chi FRW metric ( = diag(1,a,a,a)) are

Lee

po = §¢2 +V(¢) — 3¢H?¢",
Teleparallel 1 . . .
e po = 56" = V() +46Hpd +¢ (3H2 n QH) 2.

@ Variation of action with respect to the scalar field gives us
the equation of motion of the scalar field

b+ 3Ho+ 6£H?¢+ V' (¢) =

@ These equations lead to the continuity equation
pp + 3H(1 4+ wy)py = 0, where wy is the equation of
state of the scalar field, which is defined as wy = p¢
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@ In the minimal coupling case (£ = 0), the teleparallel dark
energy is equivalent to quintessence model

@ However, these two models are different theories when we

Teleparallel
Dark Enerey turn on the non-minimal coupling constant (£ # 0)
@ Teleparallel dark energy model can cross the
phantom-divide easily. 04-
Losl e
o Similar to f(T) theory, z o8]

this model has the local \
1.0 :

Lorentz violation problem. g PP
-1.2




Teleparallel Dark Energy:
Observational Constraints

Teleparallel
dark energy

Chung-Chi

Lee

@ We would like to test teleparallel dark energy model by
using the SNIa, BAO and CMB data. These observational
data can tell us whether this is a suitable model for dark

Observational energy or not

Constraints

@ We consider three kinds of potential cases:
Power-Law potential: V(¢) = Voo?
Exponential potential: V(¢) = Vye "¢

Inverse hyperbolic cosine potential: V(¢) = —1

cosh(ko)
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o Left: fixing ,,, = 27%, the best fit locates at h ~ 0.7,
£~ —0.42, wy ~ —0.96 and x? ~ 543.9
Right: fixing £ = —0.41, the best fit locates at h ~ 0.7,
Observational Q== 28.0%, wg ~ —0.99 and x2 ~ 544.5

Constraints
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Lz @ Potential: V(¢) = Voe "%

o Left: fixing ,,, = 27%, the best fit locates at h ~ 0.7,
§~—-041, wy ~ —1.04 and 2 ~ 544.3
Right: fixing £ = —0.41, the best fit locates at h ~ 0.7,
Observational Qu ~ 27.1%, wgy ~ —1.07 and x2 ~ 544.6

Constraints

Wi Wi
08 09
o
09
4
4
.
A4
41
12 1
13
05 045 04 035 03 130 o0z o0m 0: 03
¢ O,



Teleparallel Dark Energy:
Observational Constraints

Teleparallel
dark energy

e @ Potential: V(¢) = 7605}‘1/?%)

o Left: fixing Q,, = 27%, the best fit locates at h ~ 0.7,
€~ —0.38, wy ~ —1.05 and x? ~ 544.8
Right: fixing £ = —0.41, the best fit locates at h ~ 0.7,
Observational Qu ~ 26.7%, wy ~ —1.03 and x? ~ 545.1

Constraints
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Teleparallel gravity is an alternative gravity theory of the
universe.

@ Teleparallel dark energy model is equivalent to
quintessence model happens at the minimal coupling case
Observationa (¢ =0), but it has a different behavior when we include a
non-minimal coupling term (& # 0).
@ We show that the equation of state of teleparallel dark
energy model can cross the phantom-divide easily.

@ The observational constraints show a good result on this
model. This model is suitable for the late-time
accelerating universe.
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@ Potential-free: V(¢) = 0.

@ Analytic solutions in the radiation (RD), matter (MD),

and scalar field (SD) dominated eras.
Tracker

Behavior @ The tracker behavior for wy in the RD and MD eras.
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L b+ 3Hp+66H?p =0,
N\ 2 2
a K
HQE - - 5 m )
<a> 5 (Po + P+ px)
. /{2
H === (ps+ 1y + pm+4p:/3) -

Tracker
Behavior

@ The effective energy and pressure density are

1.
po = " —3EH$",

_ 1 2,2 d 2
Ps = 507 +SCH 426 (HS?).
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o H=uaft, ie a(t) xt* with o constant:
p(t) = O1t" + Cat®2,

where (' o are constants and

he = % [i\/(Ba —1)2 — 24€a% — (3a — 1)] .

Tracker
Behavior

@ For £ < 0, the power-index [ is positive and 5 is negative,
corresponding to increasing and decreasing modes,
respectively.

@ Considering only the increasing mode, i.e., ¢(t) = Cyth.



Tracker Behavior
Tracker Behavior in RD and MD eras

Teleparallel
dark energy

Chung-Chi

Lee

@ We can solve the analytic solution in RD and MD eras:

1 1
wy = < (2 V1o 245) 3 (1 V1o 325/3) ,
Tracker p¢ X a_5+ 1_2457 a(_9+ 9_96§ )/27

Behavior

for the RD (a = 1/2) and MD (a = 2/3) eras,
respectively.
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Analytic Solutions in SD era

Teleparallel

dark energy o Settlng Pr = 0:

Chung-Chi d K2 3
Lee J— 3 g —_— 3 = — 2
o [F(¢)a’H] 5 Pmd 2H09mo7

F(9) = 1+r%g2

@ Setting p,, = 0 and combining with field equation, we can

solve the analytic solution:
Tracker

Behavior sin 6
¢(a) = NarrS
wg(a) = —1—+/—326/3tan¥,
0(a) = /—6Elna+Csy,
where (' is the integration constant.

@ There exists one kind of finite-time future singularities,
called “sudden singularity”.
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@ The tracker behavior in RD (MD) eras,
and the singularity happens in SD era.

Tracker
Behavior

@ The present (z = 0) values of (£, w)
with £ = —0.35.

’ [og(“‘a)
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@ Combining SNIa, BAO and CMB data:

wSNTQ BAO
Tracker
Behavior o CMB

01 o5 02 0% 03 0% 04

Qu,
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@ Analytic solution exist in this potential-free case.

@ Equation of state (wg) has a tracker behavior and only
depend on & in RD and MD eras.

. @ The final energy density depends on & and initial condition

Behavior parameter C'.

@ The observational data can be fitted well but the
concordance region for all data is only at the 3o level.
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